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PET and SPECT
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Synergistic Reconstruction

We want to find the set of images that minimise a joint objective function,
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With a joint prior, promoting shared anatomical boundaries. We use directional total
nuclear variation (wdTNV )
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Preconditioning

VR(x) <MY =

Preconditioned projected
gradient descent

EM-type preconditioner:
majorises Expected Hessian
of PLL

For guaranteed descent with unit
step size, we want a preconditioner
using a hessian approximation that
majorises the prior curvature

We can sum these majorising
curvature approximations and use
these to form preconditioner



An iteratively reweighted least
squares upper bound

1. Redefine priorin terms of Gram matrix

Gj(z1,m2) = Yj(z1,22) ' Yj(21,m2) €RP?  Ryarnv(wi, 72) Ztr( (71, 22) + 512)1/2) :

2. Construct quadratic surrogate to estimate upper bound for curvature
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3. Pull this curvature estimate back to image space J
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4. |Ignore off- dlogonolterms
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Where can we go from here?

1. We use the full pulled-back block Jacobi IRLS surrogate:

P11 P12
Py j := [p ]
12,5 P22,j
2. We construct an approximately majorising diagonal:

Prajj = diag(pll,j + |p12,j|1 D22 + \pm.ﬂ) :

3. How much can cross-modality coupling matter?

Pdia,g,j $= diag(pll_j, Pz:a.,;,:‘)*



The Experiment

We test 4 preconditioning strategies:
(Pp' + Pogt) ™
(Po' +Pui) ™
(Py' + Pik) "
Pp
« 10 epochs SVRG
 |nitialise with OSEM + Gaussian smooth

. Initial step sizes, @ € [1,2]
g

1 + 0.005k

« Step size relaxation, ai =
« 5repeatedruns

« Preconditioner updated once per
epoch

Versus one "converged reconstruction”

(P + Pmd,J)

« 5000 epochs SVRG
 |nitialise with OSEM + Gaussian smooth
« 4restarts (once per 1000 epochs)

- Initial step size, ap = 0.8
()

1+ 0.001k
« Preconditioner updated once per epoch

« Step size relaxation, @k =



The Data

e Yttrium-90 anthropomorphic phantom data « Compared NRMSE for each VOV
« Warm liver, cold background, hot sphere, cold \/ . )2
% EV true,j
sphere NRMSEy (2, Z1rge) = V| £~j
* E}l = UKU'QS, bg = 9.06 \/|W JjeV x%rue,j

0.002 = cold = cold_sphere hot_sphere liver
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Results — speed (10 repeats)

Preconditioner |Time taken Standard
EVED) Deviation

(Ppt+ Py~ 1.502 0.031
(P,'+ P 0.844 0.021
(Pt +P;L) " 0.854 0.026

By 0.257 0.024

*But only once an epoch - insignificant wrt. projections



Convergence

Visually very similar
reconstructions after 10
epochs

Good news for any
potential clinical use!

But does beg the
question: was this all
necessary?
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PET

Convergence — NRMSE after 10 iterations

Preconditioner Step size Hot_sphere Cold_sphere Liver Cold background
Pp 1 0.003509 0.004234  0.017391 0.122952
Pp 2 0.009736 0.003244  0.082271 0.082471
Pp 3 0.043283 0.026009 0.161189 0.145153
( T Pblk) ! 1 0.032112 0.069766 0.029725 0.119204
( 14 Pblk) ! 2 0.005733 0.015707  0.012188 0.042838
( Ly Pblk) ! 3 0.011918 0.023016 0.015334 0.087762
—1l
(P + Pdlag) 1 0.033237 0.071119 0.029964 0.142970
~1
(P + Pdlag) 2 0.005502 0.018060 0.012526 0.058083
-1
(P + Pdlag) 3 0.039508 0.057516 0.037004 0.135318
—1
(Ppl + Pmalu) 1 0.042722 0.072326 0.030352 0.144030
=
(Pgl = PI;;J) 2 0.008082 0.018050 0.012528 0.057777
1
(P + Pmaj) 3 0.026250 0.029120 0.026902 0.139474




Convergence — NRMSE after 10 iterations

SPECT

Preconditioner Step size Hot_sphere Cold_sphere Liver Cold background

P 1 0.006053  0.007483 _ 0.020221 0.199653
Pp 2 0.004162  0.003000  0.013491 0.106508
Pp 3 0.010964  0.003838  0.018268 0.070286
(P5'+ P! 1 0.006894  0.016440  0.035976 0.210475
(P5!+ Py 2 0.005720  0.008208  0.020695 0.140382
(P + P! 3 0.005286  0.006048  0.015079 0.116656
—1
(PD n Pdiag) 1 0.003591  0.028608  0.041008 0.215486
1
(P—l 4 P(g;g) 2 0.006362  0.010533  0.018831 0.110105
—1
(P 4 Pdlag) 3 0.004935  0.005018  0.009987 0.067594
1
(Pgl + Pr;;J) 1 0.003545  0.028281  0.040955 0.215470
1
(P i Pmaj) 2 0.006112  0.010463  0.018901 0.110269
1
(P— 4 Pmaj) 3 0.003868  0.004468  0.010004 0.068204 LA




Preconditioner
— Pp = (Pl +Py)t = (Pt +Pg) Tt = (PP
Convergence - PET g |
Step size
— step=1 == step=2
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Preconditioner

Convergence - SPECT — " — " - @ierdm = fremi
Step size

— step=1 == step=2
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Conclusions

For this data set:

 EM-type precondtioner often out-performed the prior-
aware preconditioners.

« Synergy-aware preconditioner did not significantly
outperform diagonal preconditioner.

« Synergy-aware preconditioner costs 2x time for diagonal
and 6x more than EM-type.

UCL'



Discussion

Was this data set too simple?
« Regions of very uniform does
« Edge regions not included in analysis VOls
« EM-type preconditioner fails with uniform step size for patient data

Do off diagonals matter?
« We ignore off diagonals in the Hessian (voxel-wise coupling)
« Ehrhardt et al. use an empirical weighting factor. Necessary?

|s the quadratic surrogate too conservative?
« Updated once per epoch — gets stale?
« Can we use a tighter alternative?

Future work:

« Same experiment on patient data! m“llll



Thanks for listening!
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Variance Reduction

A quick foray into the stochastic variance reduced algorithm (SVRG) for stochastic reconstruction

O(x) = i (@lﬁﬁ(ml) + %ﬁ(x)) + gj (z:»g_ﬁ(mz) + %R(x))

0,(x) = Dis(z1) + %:E(X) for 1 <s <5,
T + 4R(x) for §;<s< S

+ Y
T



Preconditioning

(p{ki) —1 — diag, (H{_kj)

(block-Jacohi Hessian approximation; applied as a preconditioner)

—1
ik : . : :
(Pj' :') = [H“":'}jj (the 2 x 2 block acting on [z1(j), 22(j)] ")
A (k) butions .
P ) = Z as; BW; ' B (accumulate local contributions from anchors )
£EN(F)
Oy 1= bf GIJD;FD; Cpj = bf cIjD;E Ce, (D=1 — @:5} is symmetric)

—1/he, J=4,

ce k] = § +1/hg, J= £+ s, (d-neighbour forward-difference stencil)
0, otherwise,

D? =(I ¢k ) =1—(2—||&l|3)ée] (exact; since (¢£7)2 = (£T€)e€T)

arsy = bF (lleagly — (2= l1&13) (& ce5)?)  (cheap: only [lc] € e, and [i][%)

B :=diag(by,by), W' e p2x2 (per-modality weights by, and IRLS coupling W, */).
Y
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